1. Introduction {#s0005}
===============

1.1. Functionally graded structures {#s0010}
-----------------------------------

Laminated composite structures have sudden change in material properties from one layer to another layer (see Reddy [@b0005]). If two dissimilar materials are bonded together, there is a very high chance that debonding will occur at interface due to some extreme loading conditions, may it be mechanical or thermal load. Another problem in a laminated composite structure is the presence of residual stresses due to the difference in coefficients of thermal expansion between different material layers (see, e.g., [@b0010]). These problems can be resolved by gradually varying the volume fraction of the constituents rather than abruptly changing them over an interface. A gradual variation of the material results in a very efficient structure tailored to suit the needs.

Structural elements made of functionally graded materials (see, e.g., [@b0015], [@b0020]) are a class of composite structures that have a gradual variation of material properties through the structural thickness (see, e.g., [@b0025], [@b0030], [@b0035], [@b0040], [@b0045], [@b0050], [@b0055], [@b0060]). Functionally graded materials (FGMs) are often used in thermal barrier structures for aerospace applications as well as in space structures. In fact, functionally graded material characteristics are present in most structures found in nature (e.g., sea shells, bones, etc), and perhaps a better understanding of the highly complex form of materials in nature will help us in synthesizing new materials (the science of so called "biomimetics"). A typical thermal barier plate or shell is made of a mixture of ceramic and metal for use in thermal environments. The ceramic constituent of the material provides high-temperature resistance due to its low thermal conductivity. The ductile metal constituent, on the other hand, prevents fracture due to high temperature gradient in a very short period of time. The gradation in properties of the material reduces thermal stresses, residual stresses, and stress concentration factors.

A two-constituent functionally graded through-thickness materials are charcaterized by a power-law variation, among other types of variations, of the modulus of elasticity while the Poisson ratio is kept constant. If the *z*-coordinate is taken along the thickness of the beam, plate, or shell, the modulus $E\left( z \right)$ of an FGM along the thickness coordinate *z* is assumed to be represented by the simple power-law as (see Praveen and Reddy [@b0035] and Reddy [@b0005])$$E\left( z \right) = \left( {E_{1} - E_{2}} \right)f\left( z \right) + E_{2},\quad f\left( z \right) = \left( {\frac{1}{2} + \frac{z}{h}} \right)^{n}$$where $E_{1}$ and $E_{2}$ are the material properties of the material 1 (top face) and material 2 (bottom face) of the beam, respectively, and *n* is known as the power-law index. Note that when $n = 0$, we obtain the single-material structure (with modulus $E_{1}$).

1.2. Numerical methods {#s0015}
----------------------

With the advent of computers a number of numerical methods have been developed during the last four decades. Among them the finite element method (FEM) and the finite volume method (FVM) have gained the most popularity, with the FEM dominating structural mechanics and coupled problems and the FVM dominating fluid dynamics. Typically, all approximate methods convert a differential equation described by the operator equation $\mathit{Au} = f$ governing a variable *u* to a set of algebraic equations of the matrix form $\mathbf{Ku} = \mathbf{F}$, among the nodal values of the variable *u* and its dual variable *F* at a selected number of points (called nodes) in the domain and on its boundary. The *duality pairs* ($u,F$) (or cause and effect; e.g., force and displacement; temperature and heat) exist in all fields of science and engineering. While a physical process may have more than one duality pair, the dualities are unique and no polygamy exists among the duality pairs (i.e., one variables is only dual to the other variable in the pair and not to a variable in another pair).

The actual process that results in the final matrix equation $\mathbf{Ku} = \mathbf{F}$ differs from one method to another. The FEM is based on the following threefold idea [@b0065]:(1) the total domain $\Omega$ can be represented as a collection of a finite number of non-overlapping but interconnected (at the boundaries of the) subdomains, called *finite elements*, $\Omega^{e}$; the elements are of a particular geometry that allows the construction of approximation (or interpolation) functions;(2) over each element $\Omega^{e}$, the dependent unknown *u* is interpolated through a set of points (nodes) of the element as $u \approx \sum u_{j}\psi_{j},u_{j}$ being the value of *u* at the *j*th node and $\psi_{j}$ are suitable approximation functions, and the governing equation is converted to a set of algebraic equations $\mathbf{K}^{e}\mathbf{u}^{e} = \mathbf{F}^{e}$ (called *finite element model*) using a method of approximation (e.g., weak-form Galerkin or Ritz, subdomain, least-squares, and so on); the element equations contain nodal variables from only the element under consideration; and(3) the element equations from all elements are put together (element assembly) using balance and continuity conditions at element interfaces to obtain a global set of algebraic equations, $\mathbf{Ku} = \mathbf{F}$, which are then solved after applying the boundary conditions at the nodes.

We note that in the FEM, the domain (i.e., element) used for the approximation of dependent variable(s) and the satisfaction of the governing equation(s) in a weak-form sense is the same. Of course, the mesh used for the approximation of the geometry can be different from that used for the solution variables, but in the isoparametric formulations, both meshes are the same.

In the FVM [@b0070], [@b0075], [@b0080] one represents a given domain, much like in FEM, as a collection of non-overlapping domains, called *control volumes*. Then an integral (not a weighted-integral) statement of the governing equation, after invoking the Green--Gauss theorem to covert the domain integral to the boundary integral, is used over a typical control volume to derive the algebraic equations. In the FVM, at the centroid of each control volume lies a mesh point, and the derivatives of the dependent variables at the control volume interfaces are calculated in terms of the values of the dependent variables at the mesh points using Taylor's series approximations (i.e., "finite difference-like" approximations). Thus, there is no explicit interpolation (although there is an polynomial approximation implied by the truncated Taylor's series) of the dependent variables is employed in the FVM. The algebraic equations derived using a typical control volume involve mesh point values from the neighboring control volumes (a notable difference from FEM), naturally connecting the control volumes. The resulting algebraic equations resemble more like finite difference stencils, which are valid for a typical mesh point in the entire domain and include contributions from the neighboring mesh points to obtain the required algebraic equations of the entire mesh. Thus, in the FVM there is no formal assembly of control volumes is involved. The imposition of gradient type boundary conditions involves, sometimes, fictitious nodes from outside the domain, and there is no unique methodology followed (i.e., differs from an author to author) for the imposition of boundary conditions or the evaluation of integral expressions in the FVM. The major advantage of the FVM is the satisfaction of the global form of the governing equations exactly and thus resulting in a better accuracy for the secondary variables like fluxes and forces.

Recently, Reddy [@b0085] introduced a numerical approach termed the *dual mesh finite domain method* (DMFDM) which uses ideas from both the FEM and FVM to solve second-order equations. In the DMFDM, the domain is represented with a primal mesh of finite elements, and a dual mesh is superimposed on the primal mesh such that the nodes of the primal mesh are at the center of the dual mesh of finite domains, except for the nodes on the boundary. Then the governing equation is required to be satisfied in an integral sense (not a weighted-integral sense) over the finite (control) domain. The second-order terms in the differential equation are integrated by parts and expressed as quantities (dual variables) on the interfaces of the dual mesh. When the interfaces fall on the boundary, either the dual variables or their counterparts (i.e., primary variables) are known. Thus, the dual mesh finite domain method brings the best features of the FEM, namely, the interpolation of the variables and imposition of physical boundary conditions, and the satisfaction of the actual balance equations over the control domain of the FVM. The major merits of the DMFDM are that the method inherits the desirable aspect of the FVM (in satisfying the global form of the governing equations exactly) and overcomes the disadvantage of the discontinuity of the secondary variables at the interfaces of the finite elements by calculating them at the boundaries of the control domains, where they are continuous (i.e., uniquely defined). More details of the method are presented in the sequel.

1.3. The present study {#s0020}
----------------------

The DMFDM method was introduced in [@b0085] and illustrated with applications to heat transfer problems with a single unknown (also, see [@b0090]). In the present paper, the method is extended to multivariables problems involving functionally graded beams. In particular, the DMFDM is applied to the Euler--Bernoulli and Timoshenko beams with three dependent variables; displacement and mixed formulations involving second-order differential equations are developed and discretized using the DMFDM.

Following this introduction, a review of the governing equations of the Euler--Bernoulli and Timoshenko beam theories (see Reddy [@b0095]) as applied to functionally graded beams is presented in Section [2](#s0025){ref-type="sec"}. The usual equations in terms of the generalized displacements as well as those derived in terms of the generalized displacements and bending moment (in place of the rotation) are presented. The finite element and dual mesh finite domain discretizations of these equations are presented in Section [3](#s0060){ref-type="sec"}. Several of these models are not readily found in the literature. Then, in Section [4](#s0105){ref-type="sec"}, numerical solutions are presented for pinned and clamped (at both ends of the) beams, and the numerical solutions obtained with FEM and DMFDM models are compared with the exact solutions to assess the relative accuracy in predicting the generalized displacements and generalized forces. Finally, some remarks about DMFDM and its extensions are outlined in Section [5](#s0110){ref-type="sec"}.

2. Governing equations of FGM beams {#s0025}
===================================

2.1. The Euler--Bernoulli beam theory (EBT) {#s0030}
-------------------------------------------

### 2.1.1. Equations in terms of the displacements {#s0035}

The linearized (i.e., small strains) equations of equilibrium of the EBT are (see Reddy [@b0095]):$$- \frac{\mathit{dN}_{\mathit{xx}}}{\mathit{dx}} - f = 0$$ $$- \frac{d^{2}M_{\mathit{xx}}}{\mathit{dx}^{2}} + c_{f}w - q = 0$$where $f\left( x \right)$ and $q\left( x \right)$ are the axial and transverse distributed loads, respectively, on the beam, $c_{f}$ is the modulus of the foundation (if any) on which the beam rests, and $N_{\mathit{xx}}$ and $M_{\mathit{xx}}$ are the stress resultants defined by and expressed interms of the generalized displacements *u* and *w*, with $\theta_{x} = - \mathit{dw}/\mathit{dx}$ as:$$N_{\mathit{xx}} = \int_{A}\sigma_{\mathit{xx}}\mspace{2mu}\mathit{dA} = A_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} - B_{\mathit{xx}}\mspace{2mu}\frac{d^{2}w}{\mathit{dx}^{2}}$$ $$M_{\mathit{xx}} = \int_{A}z\sigma_{\mathit{xx}}\mspace{2mu}\mathit{dA} = B_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} - D_{\mathit{xx}}\frac{d^{2}w}{\mathit{dx}^{2}}$$Here $A_{\mathit{xx}},B_{\mathit{xx}}$, and $D_{\mathit{xx}}$ are the extensional, extensional-bending, and bending stiffness coefficients$$\left( A_{\mathit{xx}},B_{\mathit{xx}},D_{\mathit{xx}} \right) = \int_{A}\left( 1,z,z^{2} \right)E\left( z \right)\mspace{2mu}\mathit{dA}$$We note that Eqs. [(2a)](#e0225){ref-type="disp-formula"}, [(2b)](#e0230){ref-type="disp-formula"} are coupled, because of the presence of the axial displacement *u* and the transverse displacement *w* in both equations due to the presence of the coupling coefficient $B_{\mathit{xx}}$.

Substitution of Eqs. [(3a)](#e0235){ref-type="disp-formula"}, [(3b)](#e0240){ref-type="disp-formula"} into Eqs. [(2a)](#e0225){ref-type="disp-formula"}, [(2b)](#e0230){ref-type="disp-formula"} give the governing equations in terms of the displacements:$$- \frac{d}{\mathit{dx}}\left( {A_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} - B_{\mathit{xx}}\mspace{2mu}\frac{d^{2}w}{\mathit{dx}^{2}}} \right) - f = 0$$ $$- \frac{d^{2}}{\mathit{dx}^{2}}\left( {B_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} - D_{\mathit{xx}}\mspace{2mu}\frac{d^{2}w}{\mathit{dx}^{2}}} \right) + c_{f}w - q = 0$$

### 2.1.2. Equations in terms of displacements and bending moment {#s0040}

To express the governing equations in terms of $u,w$, and $M_{\mathit{xx}}$, we first rewrite Eqs. [(3a)](#e0235){ref-type="disp-formula"}, [(3b)](#e0240){ref-type="disp-formula"} in the form (i.e., displacements in terms of stress resultants)$$\frac{\mathit{du}}{\mathit{dx}} = \frac{1}{D_{\mathit{xx}}^{\ast}}\left( {D_{\mathit{xx}}N_{\mathit{xx}} - B_{\mathit{xx}}M_{\mathit{xx}}} \right)$$ $$- \frac{d^{2}w}{\mathit{dx}^{2}} = \frac{1}{D_{\mathit{xx}}^{\ast}}\left( {- B_{\mathit{xx}}N_{\mathit{xx}} + A_{\mathit{xx}}M_{\mathit{xx}}} \right)$$where$$D_{\mathit{xx}}^{\ast} \equiv D_{\mathit{xx}}A_{\mathit{xx}} - B_{\mathit{xx}}^{2},\quad{\bar{A}}_{\mathit{xx}} \equiv \frac{D_{\mathit{xx}}^{\ast}}{D_{\mathit{xx}}},\quad{\bar{B}}_{\mathit{xx}} \equiv \frac{B_{\mathit{xx}}}{D_{\mathit{xx}}}$$

Solving Eq. [(6a)](#e0255){ref-type="disp-formula"} for $N_{\mathit{xx}} = {\bar{A}}_{\mathit{xx}}\left( \mathit{du}/\mathit{dx} \right) + {\bar{B}}_{\mathit{xx}}M_{\mathit{xx}}$ and substituting in Eq. [(6b)](#e0260){ref-type="disp-formula"}, we obtain$$- \frac{d^{2}w}{\mathit{dx}^{2}} = - {\bar{B}}_{\mathit{xx}}\frac{\mathit{du}}{\mathit{dx}} + \frac{1}{D_{\mathit{xx}}}M_{\mathit{xx}}$$

Eqs. [(2a)](#e0225){ref-type="disp-formula"}, [(2b)](#e0230){ref-type="disp-formula"}, [(7b)](#e0020){ref-type="disp-formula"} constitute the governing equations in terms of $u,w$, and $M_{\mathit{xx}}$:$$- \frac{d}{\mathit{dx}}\left( {{\bar{A}}_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} + {\bar{B}}_{\mathit{xx}}\mspace{2mu} M_{\mathit{xx}}} \right) = f$$ $$- \frac{d^{2}M_{\mathit{xx}}}{\mathit{dx}^{2}} + c_{f}w = q$$ $$- \frac{d^{2}w}{\mathit{dx}^{2}} - \frac{1}{D_{\mathit{xx}}}M_{\mathit{xx}} + {\bar{B}}_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} = 0$$

2.2. The Timoshenko beam theory (TBT) {#s0045}
-------------------------------------

### 2.2.1. Equations in terms of the displacements {#s0050}

The equations of equilibrium of the TBT are$$- \frac{\mathit{dN}_{\mathit{xx}}}{\mathit{dx}} - f = 0$$ $$- \frac{\mathit{dQ}_{x}}{\mathit{dx}} + c_{f}w - q = 0$$ $$- \frac{\mathit{dM}_{\mathit{xx}}}{\mathit{dx}} + Q_{x} = 0$$

The stress resultants $\left( N_{\mathit{xx}},M_{\mathit{xx}},Q_{x} \right.$) in the TBT can be expressed in terms of the generalized displacements $\left( u,w,\phi_{x} \right)$, where $\phi_{x}$ denotes the rotation of the cross section about the *y*-axis, as$$N_{\mathit{xx}} = A_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} + B_{\mathit{xx}}\mspace{2mu}\frac{d\phi_{x}}{\mathit{dx}},\quad M_{\mathit{xx}} = B_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} + D_{\mathit{xx}}\frac{d\phi_{x}}{\mathit{dx}}$$ $$Q_{x} = K_{s}\int_{A}\sigma_{\mathit{xz}}\mspace{2mu}\mathit{dA} = S_{\mathit{xz}}\left( {\phi_{x} + \frac{\mathit{dw}}{\mathit{dx}}} \right),\quad S_{\mathit{xz}} = \frac{K_{s}}{2\left( 1 + \nu \right)}\int_{A}E\left( z \right)\mspace{2mu}\mathit{dA}$$where $S_{\mathit{xz}}$ denotes the shear stiffness and $K_{s}$ is the shear correction factor, which is taken to be $K_{s} = 5/6$. Substitution of Eqs. [(10a)](#e0295){ref-type="disp-formula"}, [(10b)](#e0300){ref-type="disp-formula"} into Eqs. [(9a)](#e0280){ref-type="disp-formula"}, [(9b)](#e0285){ref-type="disp-formula"}, [(9c)](#e0290){ref-type="disp-formula"} yield the governing equations in terms of the displacements:$$- \frac{d}{\mathit{dx}}\left( {A_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} + B_{\mathit{xx}}\mspace{2mu}\frac{d\phi_{x}}{\mathit{dx}}} \right) - f = 0$$ $$- \frac{d}{\mathit{dx}}\left\lbrack {S_{\mathit{xz}}\left( {\phi_{x} + \frac{\mathit{dw}}{\mathit{dx}}} \right)} \right\rbrack + c_{f}w - q = 0$$ $$- \frac{d}{\mathit{dx}}\left( {B_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} + D_{\mathit{xx}}\frac{d\phi_{x}}{\mathit{dx}}} \right) + S_{\mathit{xz}}\left( {\phi_{x} + \frac{\mathit{dw}}{\mathit{dx}}} \right) = 0$$

### 2.2.2. Equations in terms of the displacements and bending moment {#s0055}

First rewrite Eqs. [(9a)](#e0280){ref-type="disp-formula"}, [(9b)](#e0285){ref-type="disp-formula"}, [(9c)](#e0290){ref-type="disp-formula"} in the form \[$Q_{x}$ from Eq. [(9c)](#e0290){ref-type="disp-formula"} is used to express Eq. [(9b)](#e0285){ref-type="disp-formula"} in terms of $M_{\mathit{xx}}$, and Eq. [(9c)](#e0290){ref-type="disp-formula"} is expressed in terms of the displacements\]:$$- \frac{\mathit{dN}_{\mathit{xx}}}{\mathit{dx}} - f = 0$$ $$- \frac{d^{2}M_{\mathit{xx}}}{\mathit{dx}^{2}} + c_{f}w - q = 0$$ $$- \frac{\mathit{dM}_{\mathit{xx}}}{\mathit{dx}} + S_{\mathit{xz}}\left( {\phi_{x} + \frac{\mathit{dw}}{\mathit{dx}}} \right) = 0$$

Then we rewrite Eqs. [(10a)](#e0295){ref-type="disp-formula"}, [(10b)](#e0300){ref-type="disp-formula"} for displacements in terms of stress resultants,$$\frac{\mathit{du}}{\mathit{dx}} = \frac{1}{D_{\mathit{xx}}^{\ast}}\left( {D_{\mathit{xx}}N_{\mathit{xx}} - B_{\mathit{xx}}M_{\mathit{xx}}} \right)$$ $$\frac{d\phi_{x}}{\mathit{dx}} = \frac{1}{D_{\mathit{xx}}^{\ast}}\left( {- B_{\mathit{xx}}N_{\mathit{xx}} + A_{\mathit{xx}}M_{\mathit{xx}}} \right)$$

Solving Eq. [(13a)](#e0335){ref-type="disp-formula"} for $N_{\mathit{xx}}$ in terms of ($u,w,M_{\mathit{xx}}$) substituting in Eq. [(13b)](#e0340){ref-type="disp-formula"}, we obtain$$\frac{d\phi_{x}}{\mathit{dx}} = - {\bar{B}}_{\mathit{xx}}\frac{\mathit{du}}{\mathit{dx}} + \frac{1}{D_{\mathit{xx}}}M_{\mathit{xx}}$$Differentiating Eq. [(12c)](#e0330){ref-type="disp-formula"} with respect to *x*, and solving for $d\phi_{x}/\mathit{dx}$,$$\frac{d\phi_{x}}{\mathit{dx}} = - \frac{d^{2}w}{\mathit{dx}^{2}} + \frac{1}{S_{\mathit{xz}}}\frac{d^{2}M_{\mathit{xx}}}{\mathit{dx}^{2}}$$

From Eqs. [(14a)](#e0025){ref-type="disp-formula"}, [(14b)](#e0030){ref-type="disp-formula"}, we obtain$$- \frac{d^{2}w}{\mathit{dx}^{2}} = - \frac{1}{S_{\mathit{xz}}}\frac{d^{2}M_{\mathit{xx}}}{\mathit{dx}^{2}} - {\bar{B}}_{\mathit{xx}}\frac{\mathit{du}}{\mathit{dx}} + \frac{1}{D_{\mathit{xx}}}M_{\mathit{xx}}$$Eqs. [(12a)](#e0320){ref-type="disp-formula"}, [(12b)](#e0325){ref-type="disp-formula"}, [(14c)](#e0035){ref-type="disp-formula"} constitute the governing equations in terms of $u,w$, and $M_{\mathit{xx}}$ for the TBT:$$- \frac{d}{\mathit{dx}}\left( {{\bar{A}}_{\mathit{xx}}\frac{\mathit{du}}{\mathit{dx}} + {\bar{B}}_{\mathit{xx}}M_{\mathit{xx}}} \right) - f = 0$$ $$- \frac{d^{2}M_{\mathit{xx}}}{\mathit{dx}^{2}} + c_{f}w - q = 0$$ $$- \frac{d}{\mathit{dx}}\left( {\frac{\mathit{dw}}{\mathit{dx}} - \frac{1}{S_{\mathit{xz}}}\frac{\mathit{dM}_{\mathit{xx}}}{\mathit{dx}}} \right) + {\bar{B}}_{\mathit{xx}}\frac{\mathit{du}}{\mathit{dx}} - \frac{1}{D_{\mathit{xx}}}M_{\mathit{xx}} = 0$$

The effective rotation $\phi_{x}$ is$$\phi_{x} = - \frac{\mathit{dw}}{\mathit{dx}} + \frac{1}{S_{\mathit{xz}}}\frac{\mathit{dM}_{\mathit{xx}}}{\mathit{dx}}$$

3. Discretized equations {#s0060}
========================

3.1. Finite element models {#s0065}
--------------------------

### 3.1.1. The Euler--Bernoulli beam theory {#s0070}

The *displacement* finite element model of Eqs. [(5a)](#e0245){ref-type="disp-formula"}, [(5b)](#e0250){ref-type="disp-formula"} is based on their weak forms:$$0 = \int_{x_{a}}^{x_{b}}\left\lbrack {\frac{d\delta u}{\mathit{dx}}\left( {A_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} - B_{\mathit{xx}}\mspace{2mu}\frac{d^{2}w}{\mathit{dx}^{2}}} \right) - \delta u\mspace{2mu} f} \right\rbrack\mathit{dx} - \delta u\left( x_{a} \right)Q_{1} - \delta u\left( x_{b} \right)Q_{4}$$ $$0 = \int_{x_{a}}^{x_{b}}\left\lbrack {- \frac{d^{2}\delta w}{\mathit{dx}^{2}}\left( {B_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} - D_{\mathit{xx}}\mspace{2mu}\frac{d^{2}w}{\mathit{dx}^{2}}} \right) + c_{f}\delta\mathit{ww} - \delta w\mspace{2mu} q} \right\rbrack\mathit{dx} - \delta w\left( x_{a} \right)Q_{2} - \left\lbrack {- \frac{d\delta w}{\mathit{dx}}} \right\rbrack_{x_{a}}Q_{3} - \delta w\left( x_{b} \right)Q_{5} - \left\lbrack {- \frac{d\delta w}{\mathit{dx}}} \right\rbrack_{x_{b}}Q_{6}$$where $Q_{i}$ are the generalized forces at the element nodes (see [Fig. 1](#f0005){ref-type="fig"} ) defined by$$\begin{array}{l}
{Q_{1}^{e} = - N_{\mathit{xx}}\left( x_{a} \right),\quad Q_{2}^{e} = - \left\lbrack \frac{\mathit{dM}_{\mathit{xx}}}{\mathit{dx}} \right\rbrack_{x_{a}},\quad Q_{3}^{e} = - M_{\mathit{xx}}\left( x_{a} \right)} \\
{Q_{4}^{e} = N_{\mathit{xx}}\left( x_{b} \right),\quad Q_{5}^{e} = \left\lbrack \frac{\mathit{dM}_{\mathit{xx}}}{\mathit{dx}} \right\rbrack_{x_{b}},\quad Q_{6}^{e} = M_{\mathit{xx}}\left( x_{b} \right)} \\
\end{array}$$ Fig. 1Generalized forces in the displacement finite element model of the EBT.

Lagrange interpolation of $u\left( x \right)$ and Hermite interpolation of $w\left( x \right)$ are required with a minimum of linear for $u\left( x \right)$ and Hermite cubic for $w\left( x \right)$. The details of the finite element model are included in Appendix A.

The finite element formulation based on the set of equations in Eqs. [(8a)](#e0265){ref-type="disp-formula"}, [(8b)](#e0270){ref-type="disp-formula"}, [(8c)](#e0275){ref-type="disp-formula"} is known as a *mixed* model because displacement variables ($u,w$) and a force variable ($M_{\mathit{xx}}$) are used as the nodal values. The weak forms of Eqs. [(8a)](#e0265){ref-type="disp-formula"}, [(8b)](#e0270){ref-type="disp-formula"}, [(8c)](#e0275){ref-type="disp-formula"} over a typical finite element ($x_{a},x_{b}$) are:$$0 = \int_{x_{a}}^{x_{b}}\left( {{\bar{A}}_{\mathit{xx}}\frac{d\delta u}{\mathit{dx}}\frac{\mathit{du}}{\mathit{dx}} + {\bar{B}}_{\mathit{xx}}\frac{d\delta u}{\mathit{dx}}M_{\mathit{xx}} - \delta u\mspace{2mu} f} \right)\mathit{dx} - \delta u\left( x_{a} \right)\mspace{2mu} Q_{1} - \delta u\left( x_{b} \right)\mspace{2mu} Q_{4}$$ $$0 = \int_{x_{a}}^{x_{b}}\left( {\frac{d\delta w}{\mathit{dx}}\frac{\mathit{dM}_{\mathit{xx}}}{\mathit{dx}} + c_{f}\delta\mathit{ww} - \delta q} \right) - \delta w\left( x_{a} \right)\mspace{2mu} Q_{2}^{e} - \delta w\left( x_{b} \right)\mspace{2mu} Q_{5}^{e}$$ $$0 = \int_{x_{a}}^{x_{b}}\left( {\frac{d\delta M_{\mathit{xx}}}{\mathit{dx}}\frac{\mathit{dw}}{\mathit{dx}} - \frac{1}{D_{\mathit{xx}}}\delta M_{\mathit{xx}}M_{\mathit{xx}} + \frac{B_{\mathit{xx}}}{D_{\mathit{xx}}}\delta M_{\mathit{xx}}\frac{\mathit{du}}{\mathit{dx}}} \right)\mathit{dx} + Q_{3}^{e}\mspace{2mu}\delta M_{\mathit{xx}}\left( x_{a} \right) + Q_{6}^{e}\mspace{2mu}\delta M_{\mathit{xx}}\left( x_{b} \right)$$where$$\begin{array}{l}
{Q_{1}^{e} = - N_{\mathit{xx}}\left( x_{a} \right),\quad Q_{2}^{e} = - \left\lbrack \frac{\mathit{dM}_{\mathit{xx}}}{\mathit{dx}} \right\rbrack_{x_{a}},\quad Q_{3}^{e} = \frac{\mathit{dw}}{\mathit{dx}} \mid_{x_{a}}} \\
{Q_{4}^{e} = N_{\mathit{xx}}\left( x_{b} \right),\quad Q_{5}^{e} = \left\lbrack \frac{\mathit{dM}_{\mathit{xx}}}{\mathit{dx}} \right\rbrack_{x_{b}},\quad Q_{6}^{e} = - \frac{\mathit{dw}}{\mathit{dx}} \mid_{x_{b}}} \\
\end{array}$$Here ($Q_{1}^{e},Q_{2}^{e},Q_{3}^{e}$) and ($Q_{4}^{e},Q_{6}^{e},Q_{6}^{e}$) denote the axial force, transverse shear force, and rotation at nodes 1 and 2, respectively (see [Fig. 2](#f0010){ref-type="fig"} ). Clearly, the weak forms in Eqs. [(19a)](#e0370){ref-type="disp-formula"}, [(19b)](#e0375){ref-type="disp-formula"}, [(19c)](#e0380){ref-type="disp-formula"} admit Lagrange interpolations as low as linear for ($u,w,M_{\mathit{xx}}$). The details of the finite element model are presented in Appendix A.Fig. 2Generalized forces in the mixed finite element model of the EBT.

### 3.1.2. The Timoshenko beam theory {#s0075}

The displacement finite element model is based on the weak forms of Eqs. [(11a)](#e0305){ref-type="disp-formula"}, [(11b)](#e0310){ref-type="disp-formula"}, [(11c)](#e0315){ref-type="disp-formula"}:$$0 = \int_{x_{a}}^{x_{b}}\left\lbrack {\frac{d\delta u}{\mathit{dx}}\left( {A_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} + B_{\mathit{xx}}\mspace{2mu}\frac{d\phi_{x}}{\mathit{dx}}} \right) - \delta u\mspace{2mu} f} \right\rbrack\mathit{dx} - \delta u\left( x_{a} \right)\mspace{2mu} Q_{1} - \delta u\left( x_{b} \right)\mspace{2mu} Q_{4}$$ $$0 = \int_{x_{a}}^{x_{b}}\left\{ {\frac{d\delta w}{\mathit{dx}}\left\lbrack {S_{\mathit{xz}}\left( {\phi_{x} + \frac{\mathit{dw}}{\mathit{dx}}} \right)} \right\rbrack + c_{f}\delta\mathit{ww} - \delta w\mspace{2mu} q} \right\}\mathit{dx} - \delta w\left( x_{a} \right)\mspace{2mu} Q_{2} - \delta w\left( x_{b} \right)\mspace{2mu} Q_{5}$$ $$0 = \int_{x_{a}}^{x_{b}}\left\lbrack {\frac{d\delta\phi_{x}}{\mathit{dx}}\left( {B_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} + D_{\mathit{xx}}\frac{d\phi_{x}}{\mathit{dx}}} \right) + S_{\mathit{xz}}\mspace{2mu}\delta\phi_{x}\left( {\phi_{x} + \frac{\mathit{dw}}{\mathit{dx}}} \right)} \right\rbrack\mathit{dx} - \delta\phi_{x}\left( x_{a} \right)\mspace{2mu} Q_{3} - \delta\phi_{x}\left( x_{b} \right)\mspace{2mu} Q_{6}$$where $Q_{i}$ are the generalized forces at the element nodes (see [Fig. 3](#f0015){ref-type="fig"} ) defined by$$\begin{array}{l}
{Q_{1}^{e} = - N_{\mathit{xx}}\left( x_{a} \right),\quad Q_{2}^{e} = - Q_{x}\left( x_{a} \right),\quad Q_{3}^{e} = - M_{\mathit{xx}}\left( x_{a} \right)} \\
{Q_{4}^{e} = N_{\mathit{xx}}\left( x_{b} \right),\quad Q_{5}^{e} = Q_{x}\left( x_{b} \right),\quad Q_{6}^{e} = M_{\mathit{xx}}\left( x_{b} \right)} \\
\end{array}$$ Fig. 3Generalized nodal forces in the displacement model of the TBT.

The weak forms indicate that Lagrange interpolation of ($u,w,\phi_{x}$) are required. The details of the finite element model are included in Appendix A.

The mixed finite element model of the TBT is based on the weak forms of Eqs. [(15a)](#e0345){ref-type="disp-formula"}, [(15b)](#e0350){ref-type="disp-formula"}, [(15c)](#e0355){ref-type="disp-formula"}. The mixed finite element model of the TBT has the same form as the mixed finite element model of the EBT because of the similarity of the equations.

3.2. Dual mesh finite domain method {#s0080}
-----------------------------------

### 3.2.1. The Euler--Bernoull beam theory {#s0085}

The DMFDM is best suited to discretize second-order equations. Therefore, we can only consider the mixed model of the EBT using Eqs. [(8a)](#e0265){ref-type="disp-formula"}, [(8b)](#e0270){ref-type="disp-formula"}, [(8c)](#e0275){ref-type="disp-formula"}. In the DMFDM, we divide the domain $\Omega = \left( 0,L \right)$ into a set of *N* finite elements separated by nodes, as shown in [Fig. 4](#f0020){ref-type="fig"} , with each node having its own finite domain (a dual mesh). The nodes are numbered sequentially from the left to the right. We consider two adjacent elements connected at a typical interior node *I* and finite domain associated with that node (see [Fig. 5](#f0025){ref-type="fig"} ).Fig. 4A primal mesh of finite elements and dual mesh of finite domains.Fig. 5Finite domain associated with an interior node *I*.

Next, we derive the discretized equations associated with Eqs. [(8a)](#e0265){ref-type="disp-formula"}, [(8b)](#e0270){ref-type="disp-formula"}, [(8c)](#e0275){ref-type="disp-formula"}. The complete steps of the DMFDM are presented by considering Eq. [(8a)](#e0265){ref-type="disp-formula"} and then summarize results for the remaining equations and also for the other models described here.

The first step is to set up the integral statement of Eq. [(8a)](#e0265){ref-type="disp-formula"} over the control domain:$$0 = \int_{A}^{B}\left\lbrack {- \frac{d}{\mathit{dx}}\left( {{\bar{A}}_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} + {\bar{B}}_{\mathit{xx}}M_{\mathit{xx}}} \right) - f} \right\rbrack\mathit{dx}$$where A and B refer to the left and right end locations of the control domain (associated with node *I*), which have the coordinates $x_{a}^{(I)}$ and $x_{b}^{(I)}$, respectively (see [Fig. 6](#f0030){ref-type="fig"} for the nodal degrees of freedom). Unlike in a weighted-residual method (or weak form), we weaken the differentiability on *u* by carrying out the indicated integration and obtain$$0 = \int_{x_{a}^{(I)}}^{x_{b}^{(I)}}\left\lbrack {- \frac{d}{\mathit{dx}}\left( {{\bar{A}}_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} + {\bar{B}}_{\mathit{xx}}\mspace{2mu} M_{\mathit{xx}}} \right) - f} \right\rbrack\mathit{dx} = \left\lbrack {{\bar{A}}_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} + {\bar{B}}_{\mathit{xx}}\mspace{2mu} M_{\mathit{xx}}} \right\rbrack_{x_{a}^{(I)}} - \left\lbrack {{\bar{A}}_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} + {\bar{B}}_{\mathit{xx}}\mspace{2mu} M_{\mathit{xx}}} \right\rbrack_{x_{b}^{(I)}} - \int_{x_{a}^{(I)}}^{x_{b}^{(I)}}f\mspace{2mu}\mathit{dx}$$or$$0 = - N_{1}^{(I)} - N_{2}^{(I)} - \int_{x_{a}^{(I)}}^{x_{b}^{(I)}}f\mspace{2mu}\mathit{dx}$$where$$N_{1}^{(I)} \equiv - \left\lbrack {{\bar{A}}_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} + {\bar{B}}_{\mathit{xx}}\mspace{2mu} M_{\mathit{xx}}} \right\rbrack_{x_{a}^{(I)}},\quad N_{2}^{(I)} \equiv \left\lbrack {{\bar{A}}_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} + {\bar{B}}_{\mathit{xx}}\mspace{2mu} M_{\mathit{xx}}} \right\rbrack_{x_{b}^{(I)}}$$Here $N_{1}^{(I)}$ and $N_{2}^{(I)}$ denote the secondary variables (axial forces) at the left and right interfaces of the control domain centered at node *I*. The minus sign in the definition of $N_{1}^{(I)}$ indicates that it a compressive force, and both $N_{1}^{(I)}$ and $N_{2}^{(I)}$ are axial forces in the positive *x* direction.Fig. 6A typical control domain for the mixed model of the EBT.

Next, we use finite element approximations of $u\left( x \right),w\left( x \right)$, and $M_{\mathit{xx}}\left( x \right)$ over a typical finite element, $\Omega^{(I)} = \left( x_{I},x_{I + 1} \right)$. For example, $u\left( x \right)$ is approximated using linear interpolation$$u\left( x \right) \approx u_{h}\left( x \right) \equiv U_{I}\psi_{1}^{(I)}\left( x \right) + U_{I + 1}\psi_{2}^{(I)}\left( x \right)$$where $U_{I}$ is the value of *u* at node *I* (i.e., $U_{I} \approx u\left( x_{I} \right)$) and $\psi_{i}^{(I)}\left( x \right)$ ($i = 1,2$) are linear finite element interpolation functions of element $\Omega^{(I)}$ for $I = 1,2,\ldots,N$:$$\psi_{1}^{(I)}\left( x \right) = \frac{x_{I + 1} - x}{h_{I}},\quad\psi_{2}^{(I)}\left( x \right) = \frac{x - x_{I}}{h_{I}}$$Hence, we can calculate parts of $N_{1}^{(I)}$ and $N_{2}^{(I)}$ in Eq. [(25b)](#e0075){ref-type="disp-formula"} using the interpolation of the type in Eq. [(27)](#e0085){ref-type="disp-formula"} for each of the dependent variable of the formulation (note that point A is in element $\Omega^{(I - 1)}$ and point B is in element $\Omega^{(I)}$; see [Fig. 7](#f0035){ref-type="fig"} and Appendix B) as follows:$$\left\lbrack {{\bar{A}}_{\mathit{xx}}\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}} + {\bar{B}}_{\mathit{xx}}\mspace{2mu} M_{\mathit{xx}}} \right\rbrack_{x_{a}^{(I)}}^{x_{b}^{(I)}} = \frac{{\bar{A}}_{I - 1}}{h_{I - 1}}\mspace{2mu} U_{I - 1} - \left( {\frac{{\bar{A}}_{I - 1}}{h_{I - 1}} + \frac{{\bar{A}}_{I}}{h_{I}}} \right)U_{I} + \frac{{\bar{A}}_{I}}{h_{I}}\mspace{2mu} U_{I + 1} + 0.5\left\lbrack {- {\bar{B}}_{I - 1}M_{I - 1} + \left( {{\bar{B}}_{I - 1} - {\bar{B}}_{I}} \right)M_{I} + {\bar{B}}_{I}M_{I + 1}} \right\rbrack$$where ${\bar{A}}_{I - 1} = {\bar{A}}_{\mathit{xx}}\left( x_{a}^{(I)} \right)$ at the left interface and ${\bar{A}}_{I} = {\bar{A}}_{\mathit{xx}}\left( x_{b}^{(I)} \right)$ at the right interface of the finite domain centered around node *I*. Similar meaning applies to ${\bar{B}}_{I - 1}$ and ${\bar{B}}_{I}\text{;}M_{I}$ denotes the nodal value of $M_{\mathit{xx}}$ at node *I*.Fig. 7Linear finite element approximation over a control domain.

Substituting the representations in Eqs. [(28)](#e0090){ref-type="disp-formula"} into Eq. [(25a)](#e0070){ref-type="disp-formula"}, we obtain (for $I = 2,3,\ldots,N$)$$- \frac{{\bar{A}}_{I - 1}}{h_{I - 1}}U_{I - 1} + \left( {\frac{{\bar{A}}_{I - 1}}{h_{I - 1}} + \frac{{\bar{A}}_{I}}{h_{I}}} \right)U_{I} - \frac{{\bar{A}}_{I}}{h_{I}}U_{I + 1} + 0.5{\bar{B}}_{I - 1}M_{I - 1} - 0.5\left( {{\bar{B}}_{I - 1} - {\bar{B}}_{I}} \right)M_{I} - 0.5{\bar{B}}_{I}M_{I + 1} - \int_{x_{a}^{(I)}}^{x_{b}^{(I)}}f\left( x \right)\mspace{2mu}\mathit{dx} = 0$$where$${\bar{A}}_{I - 1} = \frac{D_{\mathit{xx}}^{\ast}}{D_{\mathit{xx}}} \mid_{x_{a}^{(I)}},\quad{\bar{A}}_{I} = \frac{D_{\mathit{xx}}^{\ast}}{D_{\mathit{xx}}} \mid_{x_{b}^{(I)}},\quad{\bar{B}}_{I - 1} = \frac{B_{\mathit{xx}}}{D_{\mathit{xx}}} \mid_{x_{a}^{(I)}},\quad{\bar{B}}_{I} = \frac{B_{\mathit{xx}}}{D_{\mathit{xx}}} \mid_{x_{b}^{(I)}}$$The integral of a function $f\left( x \right)$ over the control domain ($x_{a}^{(I)},x_{b}^{(I)}$) can be evaluated using either exact integration or numerical integration (e.g., trapezoidal rule, one-third Simpson's rule, and so on).

Lastly, we write the discretized equations for the boundary nodes \[see [Fig. 8](#f0040){ref-type="fig"} and Appendix B\]:$$0 = - N_{1}^{(1)} + \frac{{\bar{A}}_{1}}{h_{1}}U_{1} - \frac{{\bar{A}}_{1}}{h_{1}}U_{2} - 0.5{\bar{B}}_{1}\mspace{2mu} M_{1} - 0.5{\bar{B}}_{1}\mspace{2mu} M_{2} - \int_{0}^{0.5h_{1}}f\mspace{2mu}\mathit{dx}$$ $$0 = - N_{2}^{(N + 1)} - \frac{{\bar{A}}_{N}}{h_{N}}U_{N} + \frac{{\bar{A}}_{N}}{h_{N}}U_{N + 1} + 0.5{\bar{B}}_{N}\mspace{2mu} M_{N} + 0.5{\bar{B}}_{N}\mspace{2mu} M_{N + 1} - \int_{0}^{0.5h_{N}}f\left( \overline{x} \right)\mspace{2mu} d\overline{x}$$where $\overline{x}$ is the local coordinate with origin at node 1 of element *N* and $N_{1}^{(1)}$ and $N_{2}^{(N + 1)}$ are the boundary forces (at nodes 1 and $N + 1$, respectively), which are either specified or their duality counter parts, namely, the displacements $U_{1}$ and $U^{(N + 1)}$, are specified. This completes the discretization of Eq. [(8a)](#e0265){ref-type="disp-formula"}.Fig. 8The (half) finite domains at the boundary nodes.

The same procedure can be applied to Eqs. [(8b)](#e0270){ref-type="disp-formula"}, [(8c)](#e0275){ref-type="disp-formula"} to obtain the discretized equations for the interior and boundary nodes. We have the following integral statements of Eqs. [(8b)](#e0270){ref-type="disp-formula"}, [(8c)](#e0275){ref-type="disp-formula"}:$$0 = - V_{1}^{(I)} - V_{2}^{(I)} + \int_{x_{a}^{(I)}}^{x_{b}^{(I)}}\left( c_{f}w - q \right)\mspace{2mu}\mathit{dx}$$ $$0 = - \Theta_{1}^{(I)} - \Theta_{2}^{(I)} + \int_{x_{a}^{(I)}}^{x_{b}^{(I)}}\left( {- \frac{1}{D_{\mathit{xx}}}M_{\mathit{xx}} + {\bar{B}}_{\mathit{xx}}\frac{\mathit{du}}{\mathit{dx}}} \right)\mathit{dx}$$where $V_{1}^{(I)}$ and $V_{2}^{(I)}$ denote the secondary variables (shear forces acting upward positive) at the left and right interfaces of the control domain centered at node *I*,$$V_{1}^{(I)} \equiv - \left\lbrack \frac{\mathit{dM}}{\mathit{dx}} \right\rbrack_{x_{a}^{(I)}} = - \frac{M_{I} - M_{I - 1}}{h_{I - 1}},\quad V_{2}^{(I)} \equiv \left\lbrack \frac{\mathit{dM}}{\mathit{dx}} \right\rbrack_{x_{b}^{(I)}} = \frac{M_{I + 1} - M_{I}}{h_{I}}$$and $\Theta_{1}^{(I)}$ and $\Theta_{2}^{(I)}$ denote the secondary variables (rotations in counterclock direction) at the left and right interfaces of the control domain centered at node *I*,$$\Theta_{1}^{(I)} \equiv - \left\lbrack \frac{\mathit{dw}}{\mathit{dx}} \right\rbrack_{x_{a}^{(I)}} = \frac{W_{I - 1} - W_{I}}{h_{I - 1}},\quad\Theta_{2}^{(I)} \equiv \left\lbrack \frac{\mathit{dw}}{\mathit{dx}} \right\rbrack_{x_{b}^{(I)}} = \frac{W_{I + 1} - W_{I}}{h_{I}}$$

The discretized equations associated with Eq. [(8b)](#e0270){ref-type="disp-formula"} at an interior node are:$$- \frac{1}{h_{I - 1}}M_{I - 1} + \left( {\frac{1}{h_{I - 1}} + \frac{1}{h_{I}}} \right)M_{I} - \frac{1}{h_{I}}M_{I + 1} + \frac{1}{8}C_{I - 1}h_{I - 1}W_{I - 1} + \frac{3}{8}\left( {C_{I - 1}h_{I - 1} + C_{I}h_{I}} \right)W_{I} + \frac{1}{8}C_{I}h_{I}W_{I + 1} = \int_{x_{a}^{(I)}}^{x_{b}^{(I)}}q\mspace{2mu}\mathit{dx}$$where $C^{(I)}$ denotes the value of $c_{f}$ in element *I*. For the boundary nodes 1 and $N + 1$, we have$$0 = - V_{1}^{(1)} + \frac{1}{h_{1}}M_{1} - \frac{1}{h_{1}}M_{2} + \frac{3}{8}h_{1}C_{1}W_{1} + \frac{1}{8}h_{1}C_{1}W_{2} - \int_{0}^{0.5h_{1}}q\mspace{2mu}\mathit{dx}$$ $$0 = - V_{2}^{(N + 1)} - \frac{1}{h_{N}}M_{N} + \frac{1}{h_{N}}M_{N + 1} + \frac{1}{8}h_{N}C_{N}W_{N} + \frac{3}{8}h_{N}C_{N}W_{N + 1} - \int_{0}^{0.5h_{N}}q\left( \overline{x} \right)\mspace{2mu} d\overline{x}$$

The discretized equations associated with Eq. [(8c)](#e0275){ref-type="disp-formula"} are$$- \frac{1}{h_{I - 1}}W_{I - 1} + \left( {\frac{1}{h_{I - 1}} + \frac{1}{h_{I}}} \right)W_{I} - \frac{1}{h_{I}}W_{I + 1} - \frac{1}{8}\frac{h_{I - 1}}{D_{I - 1}}\mspace{2mu} M_{I - 1} - \frac{3}{8}\left( {\frac{h_{I - 1}}{D_{I - 1}} + \frac{h_{I}}{D_{I}}} \right)M_{I} - \frac{1}{8}\frac{h_{I}}{D_{I}}M_{I + 1} - 0.5{\bar{B}}_{I - 1}\mspace{2mu} U_{I - 1} + 0.5\left( {{\bar{B}}_{I - 1} - {\bar{B}}_{I}} \right)U_{I} + 0.5{\bar{B}}_{I}\mspace{2mu} U_{I + 1} = 0$$for an interiror node. Here $D_{I}$ denotes the value of $D_{\mathit{xx}}$ in element *I* and ${\bar{B}}_{I}$ denotes the value of $B_{\mathit{xx}}/D_{\mathit{xx}}$ in element *I*. For the boundary nodes 1 and $N + 1$, we have$$0 = - \Theta_{1}^{(1)} + \frac{1}{h_{1}}W_{1} - \frac{1}{h_{1}}W_{2} - \frac{3}{8}\frac{h_{1}}{D_{1}}M_{1} - \frac{1}{8}\frac{h_{1}}{D_{1}}M_{2} + 0.5{\bar{B}}_{1}\left( {U_{2} - U_{1}} \right)$$ $$0 = - \Theta_{2}^{(N + 1)} - \frac{1}{h_{N}}W_{N} + \frac{1}{h_{N}}W_{N + 1} - \frac{1}{8}\frac{h_{N}}{D_{N}}M_{N} - \frac{3}{8}\frac{h_{N}}{D_{N}}M_{N + 1} + 0.5{\bar{B}}_{N}\left( {U_{N + 1} - U_{N}} \right)$$This completes the development of the discretized equations based on the DMFDM for the mixed formulation of the Euler--Bernoulli beam theory.

3.3. Timoshenko beams {#s0090}
---------------------

### 3.3.1. Displacement model {#s0095}

In order to derive the discretized equations associated with Eqs. [(11a)](#e0305){ref-type="disp-formula"}, [(11b)](#e0310){ref-type="disp-formula"}, [(11c)](#e0315){ref-type="disp-formula"}, we follow the same procedure as described for the EBT. The integral statements over the *I*th control domain centered around node *I*, occupying the domain between points A and B (see [Fig. 9](#f0045){ref-type="fig"} for the nodal degrees of freedom) for each of these three equations are:$$0 = - N_{1}^{(I)} - N_{2}^{(I)} - \int_{x_{a}^{(I)}}^{x_{b}^{(I)}}f\mspace{2mu}\mathit{dx}$$ $$N_{1}^{(I)} \equiv - \left\lbrack {A_{\mathit{xx}}\frac{\mathit{du}}{\mathit{dx}} + B_{\mathit{xx}}\frac{d\phi_{x}}{\mathit{dx}}} \right\rbrack_{x_{a}^{(I)}},\qquad N_{2}^{(I)} \equiv \left\lbrack {A_{\mathit{xx}}\frac{\mathit{du}}{\mathit{dx}} + B_{\mathit{xx}}\frac{d\phi_{x}}{\mathit{dx}}} \right\rbrack_{x_{b}^{(I)}}$$ $$0 = - V_{1}^{(I)} - V_{2}^{(I)} + \int_{x_{a}^{(I)}}^{x_{b}^{(I)}}\left( c_{f}w - q \right)\mathit{dx}$$ $$V_{1}^{(I)} \equiv - \left\lbrack {S_{\mathit{xz}}\left( {\phi_{x} + \frac{\mathit{dw}}{\mathit{dx}}} \right)} \right\rbrack_{x_{a}^{(I)}},\qquad V_{2}^{(I)} \equiv \left\lbrack {S_{\mathit{xz}}\left( {\phi_{x} + \frac{\mathit{dw}}{\mathit{dx}}} \right)} \right\rbrack_{x_{b}^{(I)}}$$ $$0 = - M_{1}^{(I)} - M_{2}^{(I)} + \int_{x_{a}^{(I)}}^{x_{b}^{(I)}}S_{\mathit{xz}}\left( {\phi_{x} + \frac{\mathit{dw}}{\mathit{dx}}} \right)\mathit{dx}$$ $$M_{1}^{(I)} \equiv - \left\lbrack {B_{\mathit{xx}}\frac{\mathit{du}}{\mathit{dx}} + D_{\mathit{xx}}\frac{d\phi_{x}}{\mathit{dx}}} \right\rbrack_{x_{a}^{(I)}},\qquad M_{2}^{(I)} \equiv \left\lbrack {B_{\mathit{xx}}\frac{\mathit{du}}{\mathit{dx}} + D_{\mathit{xx}}\frac{d\phi_{x}}{\mathit{dx}}} \right\rbrack_{x_{b}^{(I)}}$$ Fig. 9A typical control domain for the displacement model of the TBT.

Here ($N_{1}^{(I)},V_{1}^{(I)},M_{1}^{(I)}$) and ($N_{2}^{(I)},V_{2}^{(I)},M_{2}^{(I)}$) denote the axial forces, shear forces, and bending moments at the left and right interfaces, respectively, of the control domain centered at node *I* (see [Fig. 9](#f0045){ref-type="fig"}). Since the displacement model of the TBT suffers from shear locking, we evaluate the integral appearing in Eq. [(45a)](#e0145){ref-type="disp-formula"} (i.e., the shear force) as a constant to avoid shear locking:$$\int_{x_{a}^{(I)}}^{x_{b}^{(I)}}S_{\mathit{xz}}\left( {\phi_{x} + \frac{\mathit{dw}}{\mathit{dx}}} \right)\mathit{dx} = \frac{1}{2}S_{I - 1}\left( {\Phi_{I - 1} + \Phi_{I}} \right)\frac{h_{I - 1}}{2} + \frac{1}{2}S_{I}\left( {\Phi_{I} + \Phi_{I + 1}} \right)\frac{h_{I}}{2} + S_{I - 1}\frac{W_{I} - W_{I - 1}}{h_{I - 1}}\frac{h_{I - 1}}{2} + S_{I}\frac{W_{I + 1} - W_{I}}{h_{I}}\frac{h_{I}}{2}$$The discretized equations associated with Eqs. [(11a)](#e0305){ref-type="disp-formula"}, [(11b)](#e0310){ref-type="disp-formula"}, [(11c)](#e0315){ref-type="disp-formula"} for an interior node *I* are$$0 = - \frac{A_{I - 1}}{h_{I - 1}}U_{I - 1} + \left( {\frac{A_{I - 1}}{h_{I - 1}} + \frac{A_{I}}{h_{I}}} \right)U_{I} - \frac{A_{I}}{h_{I}}U_{I + 1} - \frac{B_{I - 1}}{h_{I - 1}}\Phi_{I - 1} + \left( {\frac{B_{I - 1}}{h_{I - 1}} + \frac{B_{I}}{h_{I}}} \right)\Phi_{I} - \frac{B_{I}}{h_{I}}\Phi_{I + 1} - \int_{x_{a}^{(I)}}^{x_{b}^{(I)}}f\mspace{2mu}\mathit{dx}$$ $$0 = - \frac{S_{I - 1}}{h_{I - 1}}W_{I - 1} + \left( {\frac{S_{I - 1}}{h_{I - 1}} + \frac{S_{I}}{h_{I}}} \right)W_{I} - \frac{S_{I}}{h_{I}}W_{I + 1} + 0.125C_{I - 1}W_{I - 1}h_{I - 1} + 0.375\left( {C_{I - 1}h_{I - 1} + C_{I}h_{I}} \right)W_{I} + 0.125C_{I}W_{I + 1}h_{I} + 0.5S_{I - 1}\Phi_{I - 1} + 0.5\left( {S_{I - 1} - S_{I}} \right)\Phi_{I} - 0.5S_{I}\Phi_{I + 1} - \int_{x_{a}^{(I)}}^{x_{b}^{(I)}}q\mspace{2mu}\mathit{dx}$$ $$0 = - \frac{B_{I - 1}}{h_{I - 1}}U_{I - 1} + \left( {\frac{B_{I - 1}}{h_{I - 1}} + \frac{B_{I}}{h_{I}}} \right)U_{I} - \frac{B_{I}}{h_{I}}U_{I + 1} - 0.5S_{I - 1}W_{I - 1} + 0.5\left( {S_{I - 1} - S_{I}} \right)W_{I} + 0.5S_{I}W_{I + 1} - \frac{D_{I - 1}}{h_{I - 1}}\Phi_{I - 1} + \left( {\frac{D_{I - 1}}{h_{I - 1}} + \frac{D_{I}}{h_{I}}} \right)\Phi_{I} - \frac{D_{I}}{h_{I}}\Phi_{I + 1} + 0.25S_{I - 1}h_{I - 1}\Phi_{I - 1} + 0.25\left( {S_{I - 1}h_{I - 1} + S_{I}h_{I}} \right)\Phi_{I} + 0.25S_{I}h_{I}\Phi_{I + 1}$$

The discretized equations of the left boundary node are$$0 = - N_{1}^{(1)} + \frac{A_{1}}{h_{1}}U_{1} - \frac{A_{1}}{h_{1}}U_{2} + \frac{B_{1}}{h_{1}}\Phi_{1} - \frac{B_{1}}{h_{1}}\Phi_{2} - \int_{0}^{0.5h_{1}}f\mspace{2mu}\mathit{dx}$$ $$0 = - V_{1}^{(1)} + \frac{S_{1}}{h_{1}}W_{1} - \frac{S_{1}}{h_{1}}W_{2} - 0.5S_{1}\Phi_{1} - 0.5S_{1}\Phi_{2} + \frac{h_{1}}{8}C_{1}\left( {3W_{1} + W_{2}} \right) - \int_{0}^{0.5h_{1}}q\mspace{2mu}\mathit{dx}$$ $$0 = - M_{1}^{(1)} - \frac{B_{1}}{h_{1}}\left( {U_{2} - U_{1}} \right) + 0.5S_{1}\left( W_{2} - W_{1} \right) - \frac{D_{1}}{h_{1}}\left( {\Phi_{2} - \Phi_{1}} \right) + 0.25S_{1}h_{1}\left( {\Phi_{1} + \Phi_{2}} \right)$$

For the node on the right boundary, we have$$0 = - N_{1}^{(N + 1)} + \frac{A_{N}}{h_{N}}U_{N + 1} - \frac{A_{N}}{h_{1}}U_{N} + \frac{B_{N}}{h_{N}}\Phi_{N + 1} - \frac{B_{N}}{h_{N}}\Phi_{N} - \int_{0}^{0.5h_{N}}f\left( \overline{x} \right)\mspace{2mu} d\overline{x}$$ $$0 = - V_{2}^{(N + 1)} + \frac{S_{N}}{h_{N}}\left( {W_{N + 1} - W_{N}} \right) + \frac{h_{N}}{8}C_{N}\left( {W_{N} + 3W_{N + 1}} \right) + 0.5S_{N}\left( \Phi_{N + 1} + \Phi_{N} \right) - \int_{0}^{0.5h_{N}}q\left( \overline{x} \right)\mspace{2mu} d\overline{x}$$ $$0 = - M_{2}^{(N + 1)} + \frac{B_{N}}{h_{N}}\left( {U_{N + 1} - U_{N}} \right) + 0.5S_{N}\left( W_{N + 1} - W_{N} \right) + \frac{D_{N}}{h_{N}}\left( {\Phi_{N + 1} - \Phi_{N}} \right) + 0.25S_{N}h_{N}\left( {\Phi_{N} + \Phi_{N + 1}} \right)$$

### 3.3.2. Mixed model {#s0100}

Lastly, we develop the DMFDM models of Eqs. [(15a)](#e0345){ref-type="disp-formula"}, [(15b)](#e0350){ref-type="disp-formula"}, [(15c)](#e0355){ref-type="disp-formula"}. Without repeating the steps, which were amply illustrated in the preceding sections, we present the final discretized equations here. The discretized equations associated with Eq. [(15a)](#e0345){ref-type="disp-formula"} at the *I*th node, node 1, and node $N + 1$ are given by$$- \frac{{\bar{A}}_{I - 1}}{h_{I - 1}}U_{I - 1} + \left( {\frac{{\bar{A}}_{I - 1}}{h_{I - 1}} + \frac{{\bar{A}}_{I}}{h_{I}}} \right)U_{I} - \frac{{\bar{A}}_{I}}{h_{I}}U_{I + 1} + 0.5{\bar{B}}_{I - 1}M_{I - 1} + 0.5\left( {{\bar{B}}_{I - 1} - {\bar{B}}_{I}} \right)M_{I} - 0.5{\bar{B}}_{I}M_{I + 1} - \int_{x_{a}^{(I)}}^{x_{b}^{(I)}}f\mspace{2mu}\mathit{dx} = 0$$ $$0 = - N_{1}^{(1)} + \frac{{\bar{A}}_{1}}{h_{1}}U_{1} - \frac{{\bar{A}}_{1}}{h_{1}}U_{2} + 0.5{\bar{B}}_{1}\mspace{2mu} M_{1} + 0.5{\bar{B}}_{1}\mspace{2mu} M_{2} - \int_{0}^{0.5h_{1}}f\mspace{2mu}\mathit{dx}$$ $$0 = - N_{2}^{(N + 1)} - \frac{{\bar{A}}_{N}}{h_{N}}U_{N} + \frac{{\bar{A}}_{N}}{h_{N}}U_{N + 1} + 0.5{\bar{B}}_{N}\mspace{2mu} M_{N} + 0.5{\bar{B}}_{N}\mspace{2mu} M_{N + 1} - \int_{0}^{0.5h_{N}}f\left( \overline{x} \right)\mspace{2mu} d\overline{x}$$The discretized equations associated with Eq. [(15b)](#e0350){ref-type="disp-formula"} are \[see Eqs. [(37)](#e0115){ref-type="disp-formula"}, [(38)](#e0420){ref-type="disp-formula"}, [(39)](#e0425){ref-type="disp-formula"}\]:$$0 = - \frac{M_{I + 1} - M_{I}}{h_{I}} + \frac{M_{I} - M_{I - 1}}{h_{I - 1}} + \frac{3}{8}W_{I}\left( {C_{I - 1}h_{I - 1} + C_{I}h_{I}} \right) + \frac{1}{8}C_{I - 1}W_{I - 1}h_{I - 1} + \frac{1}{8}C_{I}W_{I + 1}h_{I} - \int_{x_{a}^{(I)}}^{x_{b}^{(I)}}q\mspace{2mu}\mathit{dx}$$ $$0 = - V_{1}^{(1)} + \frac{1}{h_{1}}M_{1} - \frac{1}{h_{1}}M_{2} + \frac{1}{8}h_{1}C_{1}\left( {3W_{1} + W_{2}} \right) - \int_{0}^{0.5h_{1}}q\mspace{2mu}\mathit{dx}$$ $$0 = - V_{2}^{(N + 1)} + \frac{1}{h_{N}}M_{N + 1} - \frac{1}{h_{N}}M_{N} + \frac{1}{8}h_{N}C_{N}\left( {W_{N} + 3W_{N + 1}} \right) - \int_{0}^{0.5h_{N}}q\left( \overline{x} \right)\mspace{2mu} d\overline{x}$$Finally, the discretized equations associated with Eq. [(15c)](#e0355){ref-type="disp-formula"} at the *I*th node, node 1, and node $N + 1$ are:$$0 = - 0.5{\bar{B}}_{I - 1}\mspace{2mu} U_{I - 1} + 0.5\left( {{\bar{B}}_{I - 1} - {\bar{B}}_{I}} \right)U_{I} + 0.5{\bar{B}}_{I}\mspace{2mu} U_{I + 1} - \frac{1}{h_{I - 1}}W_{I - 1} + \left( {\frac{1}{h_{I - 1}} + \frac{1}{h_{I}}} \right)W_{I} - \frac{1}{h_{I}}W_{I + 1} + \frac{1}{h_{I - 1}}\frac{1}{S_{I - 1}}M_{I - 1} - \left( {\frac{1}{h_{I - 1}}\frac{1}{S_{I - 1}} + \frac{1}{h_{I}}\frac{1}{S_{I}}} \right)M_{I} + \frac{1}{h_{I}}\frac{1}{S_{I}}M_{I + 1} - \frac{1}{8}\frac{h_{I - 1}}{D_{I - 1}}\mspace{2mu} M_{I - 1} - \frac{3}{8}\left( {\frac{h_{I - 1}}{D_{I - 1}} + \frac{h_{I}}{D_{I}}} \right)M_{I} - \frac{1}{8}\frac{h_{I}}{D_{I}}M_{I + 1}$$ $$0 = - \Theta_{1}^{(1)} + 0.5{\bar{B}}_{1}\left( {U_{2} - U_{1}} \right) - \frac{W_{2} - W_{1}}{h_{1}} + \frac{1}{S_{1}}\frac{M_{2} - M_{1}}{h_{1}} - \frac{1}{8}\frac{h_{1}}{D_{1}}\left( {3M_{1} + M_{2}} \right)$$ $$0 = - \Theta_{2}^{(N + 1)} + 0.5{\bar{B}}_{N}U_{N + 1} - 0.5{\bar{B}}_{N}U_{N} - \frac{1}{h_{N}}W_{N} + \frac{1}{h_{N}}W_{N + 1} + \frac{1}{S_{N}h_{N}}M_{N} - \frac{1}{S_{N}h_{N}}M_{N + 1} - \frac{1}{8}\frac{h_{N}}{D_{N}}\left( {M_{N} + 3M_{N + 1}} \right)$$

4. Numerical results and discussion {#s0105}
===================================

Here we consider homogeneous and FGM beams to illustrate the ideas presented in the previous sections. Two different examples, namely, pinned--pinned and clamped--clamped beams with uniformly distributed load (UDL) of intensity $q_{0}$ are considered. Due to symmetry about the center of the beam, only a half beam, $0 \leqslant x \leqslant L/2$, is considered. Numerical results obtained with the FEM and DMFDM are compared. In addition, the effect of the power-law index *n* \[see Eq. [(1)](#e0005){ref-type="disp-formula"}\], which dictates the material distribution through the beam thickness, on deflections is investigated. There are four models of FEM and three models DMFDM, as summarized here:•**FE-EB(D)** -- Displacement finite element model of the EBT•**FE-EB(M)** -- Mixed finite element model of the EBT•**FE-TB(D)** -- Displacement finite element model of the TBT•**FE-TB(M)** -- Mixed finite element model of the TBT•**DM-EB(M)** -- Mixed dual mesh finite domain model of the EBT•**DM-TB(D)** -- Displacement dual mesh finite domain model of the TBT•**DM-TB(M)** -- Mixed dual mesh finite domain model of the TBT

Few remarks are in order on various elements. The displacement-based EBT element, FE-EB(D), uses Hermite cubic interpolation of $w\left( x \right)$, and it always gives exact solution at the nodes for homogeneous beams when $D_{\mathit{xx}} = \mathit{EI}$ is a constant, independent of the mesh and the load $q\left( x \right)$. All other models are based on Lagrange interpolation of the variables involved. All finite element models other than FE-EB(D) may also use quadratic or higher order interpolation of the variables, whereas the dual mesh finite domain formulations presented herein are based on linear interpolation. Therefore, all numerical results presented herein, with the exception of FE-EB(D), are obtained with linear approximations of all field variables.

We investigate the effect of mesh and the power-law index *n* on the deflections and stresses. We consider a beam of length $L = 100$ in, $b \times h = 1 \times 1$ in^2^ cross-sectional dimensions, functionally graded through the height (*h*) ($E_{1} = 30 \times 10^{6}$ psi, $E_{2} = 3 \times 10^{6}$ psi, and $\nu = 0.3$), and subjected to uniformly distributed transverse load of intensity $q_{0}$ lb/in. For the pinned--pinned and clamped--clamped boundary conditions, we can exploit the symmetry about $x = L/2$, and use the left half of the beam as the computational domain.

First, we consider the beam with both ends pinned. The boundary conditions on the *primarly variables* in various models for this problem are as follows:$$\begin{array}{ll}
{{Displacement}{models}:} & {\quad u\left( 0 \right) = w\left( 0 \right) = u\left( \frac{L}{2} \right) = 0,\quad\frac{\mathit{dw}}{\mathit{dx}}\left( \frac{L}{2} \right) = 0\mspace{6mu}{or}\mspace{6mu}\phi_{x}\left( \frac{L}{2} \right) = 0} \\
{{Mixed}{models}:} & {\quad u\left( 0 \right) = w\left( 0 \right) = M\left( 0 \right) = 0,\quad u\left( \frac{L}{2} \right) = 0} \\
\end{array}$$

The boundary conditions on the *secondary variables* (satisfied in an integral sense) are:$$\begin{array}{ll}
{{Displacement}{models}:} & {\quad M\left( 0 \right) = 0,\mspace{6mu}\mspace{6mu} V\left( \frac{L}{2} \right) = 0} \\
{{Mixed}{models}:} & {\quad V\left( \frac{L}{2} \right) = 0,\mspace{6mu}\mspace{6mu}\frac{\mathit{dw}}{\mathit{dx}}\left( \frac{L}{2} \right) = 0\mspace{6mu}{or}\mspace{6mu}\phi_{x}\left( \frac{L}{2} \right) = 0} \\
\end{array}$$

The exact solutions of pinned--pinned functionally graded beams, with the power-law given in Eq. [(1)](#e0005){ref-type="disp-formula"}, are given by$${\bar{D}}_{\mathit{xx}}\mspace{2mu} u\left( x \right) = \frac{q_{0}L^{3}}{12}\left( {2\xi - 3\xi^{2} + 2\xi^{3}} \right),\quad{\hat{D}}_{\mathit{xx}}\mspace{2mu}\phi_{x}\left( x \right) = - \frac{q_{0}L^{3}}{24}\left( {1 - 6\xi^{2} + 4\xi^{3}} \right) + \hat{B}\frac{q_{0}L^{3}}{24}\left( {1 - 2\xi} \right),{\hat{D}}_{\mathit{xx}}\mspace{2mu} w\left( x \right) = \frac{q_{0}L^{4}}{24}\left( {\xi - 2\xi^{3} + \xi^{4}} \right) + {\overset{\sim}{D}}_{\mathit{xx}}\frac{q_{0}L^{4}}{2}\xi\left( {1 - \xi} \right) - {\hat{B}}_{\mathit{xx}}\frac{q_{0}L^{4}}{24}\xi\left( {1 - \xi} \right),M_{\mathit{xx}}\left( x \right) = \frac{q_{0}L^{2}}{2}\xi\left( {1 - \xi} \right),\quad V\left( x \right) = \frac{q_{0}L}{2}\left( {1 - 2\xi} \right),\sigma\left( {x,0.5h} \right) = \frac{\mathit{hq}_{0}L^{2}}{4I}\xi\left( {1 - \xi} \right)$$where $\xi = x/L$ and$${\hat{D}}_{\mathit{xx}} = \frac{D_{\mathit{xx}}^{\ast}}{A_{\mathit{xx}}},\quad{\bar{D}}_{\mathit{xx}} = \frac{D_{\mathit{xx}}^{\ast}}{B_{\mathit{xx}}},\quad{\hat{B}}_{\mathit{xx}} = \frac{B_{\mathit{xx}}^{2}}{D_{\mathit{xx}}A_{\mathit{xx}}},\quad{\overset{\sim}{D}}_{\mathit{xx}} = \frac{D_{\mathit{xx}}^{\ast}}{A_{\mathit{xx}}S_{\mathit{xz}}}$$We note that for homogeneous beams $u\left( x \right) = 0$ everywhere. The EBT solutions are obtained from Eq. [(55)](#e0170){ref-type="disp-formula"} by setting ${\overset{\sim}{D}}_{\mathit{xx}} = 0$ and replacing $\phi_{x}$ with $- \mathit{dw}/\mathit{dx}$. The bending stress, $\sigma\left( x,z \right)$, is computed at $x = L/2$ (where the bending moment is the maximum) and $z = h/2,h$ being the beam height. The stress is post-computed in the displacement models at the element center using the relation$$\sigma\left( x,z \right) = - E\left( z \right)\mspace{2mu} z\frac{d^{2}w}{\mathit{dx}^{2}}\mspace{6mu}{for}{EBT}\text{;}\quad\sigma\left( x,z \right) = E\left( z \right)\mspace{2mu} z\frac{d\phi_{x}}{\mathit{dx}}\mspace{6mu}{for}{TBT}$$On the other hand, the stress in the mixed models is computed using the bending moment $M_{\mathit{xx}}\left( x \right)$ according to the formula$$\sigma\left( x,z \right) = \frac{M_{\mathit{xx}}\left( x \right)\mspace{2mu} z}{I}$$where $M_{\mathit{xx}}\left( x \right)$ is the calculated from the finite element interpolation (i.e., $\sigma\left( L/2,h/2 \right) = M\left( L/2 \right)h/2I$, and $M\left( L/2 \right)$ is the nodal value).

[Table 1](#t0005){ref-type="table"}, [Table 2](#t0010){ref-type="table"} contain the normalized center deflection and stress, respectively, for homogeneous (${\hat{D}}_{\mathit{xx}} = D_{\mathit{xx}} = \mathit{EI}$ and ${\hat{B}}_{\mathit{xx}} = B_{\mathit{xx}} = 0$) pinned--pinned (P--P) beams for different number of elements in the half beam. The tabulated deflections and stresses are normalized as follows (with $K_{s} = 5/6$):$$\overline{w} = w\mspace{6mu}\frac{{\hat{D}}_{\mathit{xx}}}{q_{0}L^{4}},\qquad\overline{\sigma} = \sigma\mspace{6mu}\frac{I}{h\mspace{2mu} q_{0}L^{2}}$$where *I* is the moment of inertia. From the results it is clear that the mixed dual mesh finite domain models are the most accurate in predicting the displacements and stresses. In fact, all mixed models and the displacement model of the DMFDM give the exact stress for any number of elements. The shear locking is alleviated in the displacement finite element model and DMFDM of the TBT by the use of reduced integration. No such trick is used in the mixed FEM and mixed DMFDM.Table 1The center transverse deflection $\overline{w}\left( L/2 \right) \times 10$ of homogeneous P--P beams predicted by various models.MeshFE-EBFE-EBFE-TBFE-TBDM-EBDM-TBDM-TBDisplMixedDisplMixedMixedDisplMixed40.13020.12860.12700.12850.12940.12700.129480.13020.12980.12940.12980.13000.12940.1300160.13020.13010.13000.13010.13020.13000.1302320.13020.13020.13020.13020.13020.13020.1302640.13020.13020.13020.13020.13020.13020.1302Exact0.13020.13020.13020.13020.13020.13020.1302Table 2The center stress $\overline{\sigma}\left( L/2 \right) \times 10$ for homogeneous P-P beams predicted by various models.MeshFE-EBFE-EBFE-TBFE-TBDM-EBDM-TBDM-TBDisplMixedDisplMixedMixedDisplMixed40.61200.62500.60550.62500.62500.62500.625080.62180.62500.62010.62500.62500.62500.6250160.62420.62500.62380.62500.62500.62500.6250320.62480.62500.62500.62500.62500.62500.6250640.62490.62500.62500.62500.62500.62500.6250Exact0.62500.62500.62500.62500.62500.62500.6250

The DMFDM always gives the exact value of the moment at $x = L/2$. We also note that for this slender beam ($L/h = 100$), the effect of shear deformation is negligible and the EBT and TBT solutions for $\overline{w}$ are the same up to the fourth decimal point.

[Table 3](#t0015){ref-type="table"} contains the normalized center deflection for functionally graded pinned--pinned (P--P) beams for different values of the power-law index *n*. All of the results are obtained using 16 elements in the half beam. All models predict solutions that match the exact solutions up to the fourth decimal point. The stresses in the FGM beams are exactly the same as those in the homogeneous beams, because the bending moment is independent of the stiffness coefficients.Table 3The center transverse deflection $\overline{w}\left( L/2 \right) \times 10$ of FGM P-P beams predicted by various models.*n*FE-EBFE-TBFE-EBFE-TBDM-EBDM-TBDM-TBDisplDisplMixedMixedMixedDisplMixed0.00.13020.13020.13020.13020.13020.13000.13021.00.10690.10680.10670.10690.10690.10680.10692.00.09190.09180.09190.09190.09190.09180.09193.00.08790.08780.08790.08790.08790.08780.08795.00.09000.08990.08990.09000.09000.08990.09007.50.09590.09580.09580.09580.09580.09580.095910.00.10120.10110.10120.10120.10120.10110.101212.00.10480.10470.10470.10480.10480.10470.104815.00.10910.10900.10900.10900.10900.10900.109120.00.11420.11400.11410.11410.11410.11400.1142

It is interesting to note that the effect of the power-law index *n* on the deflections is *not* monotonic. As *n* goes from zero to a value of about $n = 2$, the deflection decreases and then increases for $n > 2$, as shown in [Fig. 10](#f0050){ref-type="fig"} . This is due to the fact that $B_{\mathit{xx}}$ is not a monotonically increasing or decreasing function of *n* (where *M* denotes the moduli ratio, $M = E_{1}/E_{2}$ and $B_{0} = \mathit{bh}^{2}$), as can be seen from [Fig. 11](#f0055){ref-type="fig"} (see [@b0100]). [Fig. 12](#f0060){ref-type="fig"} shows the variation of the normalized center deflection $\overline{w}$ with the power-law index *n*.Fig. 10Deflection $\overline{w}$ versus *x* for different values of *n*.Fig. 11Variation of the stiffness ${\bar{B}}_{\mathit{xx}}$ with *n* ($M = E_{1}/E_{2}$).Fig. 12Variation of the normalized center deflection $\overline{w}$ with *n* for P--P beams.

Next, we consider a beam *clamped* (C--C) at both ends. The boundary conditions on the primarily variables in various models for this problem are as follows (replace $\mathit{dw}/\mathit{dx}$ with $\phi_{x}$ for the TBT:$$\begin{array}{ll}
{{Displacement}{models}:} & {\quad u\left( 0 \right) = w\left( 0 \right) = 0,\mspace{6mu}\mspace{6mu}\frac{\mathit{dw}}{\mathit{dx}}\left( 0 \right) = 0,\mspace{6mu}\mspace{6mu} u\left( L/2 \right) = \frac{\mathit{dw}}{\mathit{dx}}\left( \frac{L}{2} \right) = 0} \\
{{Mixed}{models}:} & {\quad u\left( 0 \right) = w\left( 0 \right) = 0,\mspace{6mu}\mspace{6mu} u\left( L/2 \right) = 0} \\
\end{array}$$The boundary conditions on the secondary variables in various models for this problem (satisfied in an integral sense) are as follows:$$\begin{array}{ll}
{{Displacement}{models}:} & {\quad V\left( \frac{L}{2} \right) = 0} \\
{{Mixed}{models}:} & {\quad\frac{\mathit{dw}}{\mathit{dx}}\left( 0 \right) = 0,\mspace{6mu}\mspace{6mu}\frac{\mathit{dw}}{\mathit{dx}}\left( \frac{L}{2} \right) = 0} \\
\end{array}$$The exact solutions for clamped--clamped beams are given by ($\xi = x/L$)$$\begin{matrix}
 & {{\bar{D}}_{xx}u\left( x \right) = \frac{q_{0}L^{3}}{12}\left( {\xi - 3\xi^{2} + 2\xi^{3}} \right),\quad{\hat{D}}_{xx}w\left( x \right) = \frac{q_{0}L^{4}}{24}\xi^{2}\left( {1 - \xi} \right)^{2} + {\overset{\sim}{D}}_{xx}\frac{q_{0}L^{4}}{2}\xi\left( {1 - \xi} \right)} \\
 & {{\hat{D}}_{xx}\phi_{x}\left( x \right) = - \frac{q_{0}L^{3}}{12\mathit{EI}}\left( {\xi - 3\xi^{2} + 2\xi^{3}} \right),\mspace{6mu}\mspace{6mu} M\left( x \right) = - \frac{q_{0}L^{2}}{12}\left( {1 - 6\xi + 6\xi^{2}} \right)} \\
 & {V\left( x \right) = \frac{q_{0}L}{2}\left( {1 - 2\xi} \right),\mspace{6mu}\mspace{6mu}\sigma\left( {x,0.5h} \right) = - \frac{q_{0}L^{2}}{24I}\left( {1 - 6\xi + 6\xi^{2}} \right)} \\
\end{matrix}$$

[Table 4](#t0020){ref-type="table"}, [Table 5](#t0025){ref-type="table"} contain the normalized center deflection and stress, respectively, for the clamped--clamped (C--C) homogeneous beam. From the results it is clear that the mixed dual mesh finite domain models and finite element results are very close, if not identical. The displacement finite element model is the most accurate by virtue of the higher (Hermite cubic) approximation of the deflection.Table 4The center transverse deflection $\overline{w}\left( L/2 \right) \times 10$ predicted by various models for homogeneous beams.MeshFE-EBFE-EBFE-TBFE-TBDM-EBDM-TBDM-TBDisplMixedDisplMixedMixedDisplMixed40.26040.26040.24450.26010.26850.24450.268880.26040.26040.25670.26010.26240.25670.2627160.26040.26040.25970.26010.26090.25970.2612320.26040.26040.26050.26010.26060.26050.2608640.26040.26040.26070.26010.26040.26070.2608Exact0.26040.26040.26070.26070.26040.26070.2607Table 5The center stress $\overline{\sigma}\left( L/2 \right) \times 10$ predicted by various models for homogeneous C--C beams.MeshFE-EBFE-EBFE-TBFE-TBDM-EBDM-TBDM-TBDisplMixedDisplMixedMixedDisplMixed40.19530.19530.19530.19530.21480.21480.214980.20510.20510.20510.20510.21000.21000.2100160.20750.20750.20750.20750.20870.20870.2087320.20820.20820.20820.20820.20840.20840.2084640.20830.20830.20830.20830.20830.20830.2083Exact0.20830.20830.20830.20830.20830.20830.2083

[Table 6](#t0030){ref-type="table"} contains the normalized center deflection for the functionally graded clamped--clamped beam for different values of *n*. All of the results were obtained with 16 elements in half beam. For the C--C beams the normalized deflections do not deviate significantly from each other (they differ only in the fourth or fifth decimal point). [Fig. 13](#f0065){ref-type="fig"} shows the variation of the normalized deflection $\overline{w}$ versus *n*, which has the same form as that for the P--P beams.Table 6The center transverse deflection $\overline{w}\left( L/2 \right) \times 10^{2}$ of FGM C--C beams predicted by various models.MeshFE-EBFE-TBFE-EBFE-TBDM-EBDM-TBDM-TBDisplDisplMixedMixedMixedDisplMixed0.00.260400.260700.260400.260700.260930.259720.261251.00.260190.259650.260190.260440.260580.259650.260842.00.260040.259640.260040.260280.260370.259640.260603.00.260000.259650.260000.260250.260310.259650.260555.00.260020.259680.260020.260310.260340.259680.2606210.00.260130.259760.260130.260490.260500.259760.2608615.00.260210.259790.260210.260600.260620.259790.2610020.00.260260.259800.260260.260660.260690.259800.26109Fig. 13Variation of the normalized center deflection $\overline{w}$ with *n* for C--C beams.

5. Closing remarks and looking ahead {#s0110}
====================================

The *dual mesh finite domain method* (DMFDM) proposed by Reddy [@b0085] makes use of two different meshes: one mesh of finite elements for interpolation of the variables and another mesh of control domains to satisfy the integral form of the governing equations. Thus, the DMFDM contains the merits of the finite element method (FEM) as well as the finite volume method. An advantage of the dual mesh finite domain method is that the secondary variables are computed at the finite domain interfaces, where the derivatives are continuous and thus they are uniquely determined.

One of the shortcomings of the finite volume and dual mesh finite domain method is that they cannot be used for solving differential equations of order higher than 2, unless they are recast as second-order differential equations. Of course, most problems of engineering are first-order when they are first derived using balance laws, and they become higher order only when some of the variable are eliminated using auxiliary (kinematic and/or constitutive) relations. In this paper, the DMFDM is extended to such multi-variable problems, using the equations governing the bending of functionally graded (FGM) beams. Mixed models (i.e., models that involve displacements and moments) of the Euler--Bernoulli and Timoshenko beams are formulated using the FEM and DMFDM. The mixed models have the advantage of enabling stress calculation at the boundary nodes, instead of Gauss points in the interior of the domain. Numerical results indicate that the DMFDM gives very accurate results, especially for the bending moments, which are used to the compute stresses. A study of the FGM beams also revealed that the dimensionless bending deflections ($\overline{w} = w\mspace{2mu}{\hat{D}}_{\mathit{xx}}/q_{0}L^{4}$) are not monotonic functions of the power-law index *n* because the coupling stiffness $B_{\mathit{xx}}$ is not a monotonically increasing or decreasing function of the modulus ratio.

Extensions of the DMFDM to multivariable problems in multidimensions, initial-value problems, and nonlinear problems are awaited. In addition, application to laminated composite beams and plates and flows of viscous fluids, and a study of the mathematical aspects such as the existence, uniqueness, and error estimates of the DMFDM require attention.

**Dedication.** This paper is dedicated to the memory of Professor José Fernández Sáez of the University Carlos III of Madrid, Spain, who lost his life to COVID-19. Professor Fernández Sáez, affectionately known as "Pepe", was a scholar, passionate teacher, and kind human being. No words can entirely remove the pain of losing a friend like Pepe, but he lives in our memory as a great human being and an unconditional friend of his friends, students, colleagues, and collaborators.
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Appendix A. Appendix A: Finite element models of FGM beams {#s0115}
==========================================================

A.1. The Euler--Bernoulli beam elements {#s0120}
---------------------------------------

The *displacement finite element model* of the EBT is of the form$$\begin{matrix}
\mathbf{K}^{11} & \mathbf{K}^{12} \\
\mathbf{K}^{21} & \mathbf{K}^{22} \\
\end{matrix}\begin{Bmatrix}
\mathbf{u} \\
\Delta \\
\end{Bmatrix} = \begin{Bmatrix}
\mathbf{F}^{1} \\
\mathbf{F}^{2} \\
\end{Bmatrix}$$where$$\begin{aligned}
 & {K_{\mathit{ij}}^{11} = \int_{x_{a}}^{x_{b}}A_{\mathit{xx}}\frac{d\psi_{i}}{\mathit{dx}}\frac{d\psi_{j}}{\mathit{dx}}\mspace{2mu}\mathit{dx},\quad K_{\mathit{iJ}}^{12} = - \int_{x_{a}}^{x_{b}}B_{\mathit{xx}}\frac{d\psi_{i}}{\mathit{dx}}\frac{d^{2}\varphi_{J}}{\mathit{dx}^{2}}\mspace{2mu}\mathit{dx}} \\
 & {F_{i}^{1} = \psi_{i}\left( x_{a} \right)\mspace{2mu} Q_{1} + \psi_{i}\left( x_{b} \right)\mspace{2mu} Q_{4}} \\
 & {K_{\mathit{Ij}}^{21} = - \int_{x_{a}}^{x_{b}}B_{\mathit{xx}}\frac{d^{2}\varphi_{I}}{\mathit{dx}^{2}}\frac{d\psi_{j}}{\mathit{dx}}\mspace{2mu}\mathit{dx},\quad K_{\mathit{IJ}}^{22} = \int_{x_{a}}^{x_{b}}\left( {D_{\mathit{xx}}\frac{d^{2}\varphi_{I}}{\mathit{dx}^{2}}\frac{d^{2}\varphi_{J}}{\mathit{dx}^{2}} + c_{f}\varphi_{I}\varphi_{J}} \right)\mathit{dx}} \\
 & {F_{I}^{2} = \int_{x_{a}}^{x_{b}}\varphi_{I}q\mspace{2mu}\mathit{dx} + \varphi_{I}\left( x_{a} \right)\mspace{2mu} Q_{2} - \frac{d\varphi_{I}}{\mathit{dx}} \mid_{x_{a}}\mspace{2mu} Q_{3} + \varphi_{I}\left( x_{b} \right)\mspace{2mu} Q_{5} - \frac{d\varphi_{I}}{\mathit{dx}} \mid_{x_{b}}\mspace{2mu} Q_{6}} \\
\end{aligned}$$and $Q_{i}$ are the generalized nodal forces, as shown in [Fig. 1](#f0005){ref-type="fig"}; $\varphi_{I}$ are the Hermite cubic functions and $\psi_{i}$ are the linear Lagrange interpolation functions; **u** denotes the vector of nodal displacements associated with the linear approximation of $u\left( x \right)$; and $\Delta$ denotes the nodal displacements (transverse deflection and rotation at each node) associated with the Hermite cubic interpolation of $w\left( x \right)$.

The *mixed finite element model* of the EBT, based on the Lagrange interpolation of all variables, is given by$$\begin{matrix}
\mathbf{K}^{11} & \mathbf{K}^{12} & \mathbf{K}^{12} \\
\mathbf{K}^{21} & \mathbf{K}^{22} & \mathbf{K}^{23} \\
\mathbf{K}^{31} & \mathbf{K}^{32} & \mathbf{K}^{33} \\
\end{matrix}\begin{Bmatrix}
\mathbf{u} \\
\mathbf{w} \\
\mathbf{M} \\
\end{Bmatrix} = \begin{Bmatrix}
\mathbf{F}^{1} \\
\mathbf{F}^{2} \\
\mathbf{F}^{3} \\
\end{Bmatrix}$$where$$\begin{aligned}
 & {K_{\mathit{ij}}^{11} = \int_{x_{a}}^{x_{b}}{\bar{A}}_{\mathit{xx}}\mspace{2mu}\frac{d\psi_{i}^{(1)}}{\mathit{dx}}\frac{d\psi_{j}^{(1)}}{\mathit{dx}}\mspace{2mu}\mathit{dx},\quad K_{\mathit{ij}}^{12} = 0\quad K_{\mathit{ij}}^{13} = \int_{x_{a}}^{x_{b}}{\bar{B}}_{\mathit{xx}}\mspace{2mu}\frac{d\psi_{i}^{(1)}}{\mathit{dx}}\psi_{j}^{(3)}\mspace{2mu}\mathit{dx}} \\
 & {F_{i}^{1} = \psi_{i}^{(1)}\left( x_{a} \right)Q_{1} + \psi_{i}^{(1)}\left( x_{b} \right)Q_{4},\mspace{6mu}\mspace{6mu} K_{\mathit{ij}}^{21} = 0,\quad K_{\mathit{ij}}^{22} = \int_{x_{a}}^{x_{b}}c_{f}\psi_{i}^{(2)}\psi_{j}^{(2)}\mspace{6mu}\mathit{dx}} \\
 & {K_{\mathit{ij}}^{23} = \int_{x_{a}}^{x_{b}}\frac{d\psi_{i}^{(2)}}{\mathit{dx}}\frac{d\psi_{j}^{(3)}}{\mathit{dx}}\mspace{6mu}\mathit{dx},\mspace{6mu}\mspace{6mu} F_{I}^{2} = \int_{x_{a}}^{x_{b}}\psi_{i}^{(2)}q\mspace{2mu}\mathit{dx} + \psi_{i}^{(2)}\left( x_{a} \right)\mspace{2mu} Q_{2} + \psi_{i}^{(2)}\left( x_{b} \right)\mspace{2mu} Q_{5}} \\
 & {K_{\mathit{ij}}^{31} = \int_{x_{a}}^{x_{b}}{\bar{B}}_{\mathit{xx}}\mspace{2mu}\psi_{i}^{(3)}\frac{d\psi_{j}^{(1)}}{\mathit{dx}}\mspace{2mu}\mathit{dx},\quad K_{\mathit{ij}}^{32} = \int_{x_{a}}^{x_{b}}\frac{d\psi_{i}^{(3)}}{\mathit{dx}}\frac{d\psi_{j}^{(2)}}{\mathit{dx}}\mathit{dx}} \\
 & {K_{\mathit{ij}}^{33} = - \int_{x_{a}}^{x_{b}}\frac{1}{D_{\mathit{xx}}}\psi_{i}^{(3)}\psi_{j}^{(3)}\mspace{2mu}\mathit{dx},\quad F_{I}^{3} = \psi_{i}^{(3)}\left( x_{a} \right)\mspace{2mu} Q_{3} + \psi_{i}^{(3)}\left( x_{b} \right)\mspace{2mu} Q_{6}} \\
\end{aligned}$$

Here ($\psi_{i}^{(1)},\psi_{i}^{(2)},\psi_{i}^{(3)}$) are the Lagrange interpolation functions used for ($u,w,M_{\mathit{xx}}$), respectively. In general they are different from each other, but here we took them to be the same for all variables.

### A.1.1. The Timoshenko beam elements {#s0125}

The *displacement finite element model* of the TBT is of the form$$\begin{bmatrix}
\mathbf{K}^{11} & \mathbf{K}^{12} & \mathbf{K}^{13} \\
\mathbf{K}^{21} & \mathbf{K}^{22} & \mathbf{K}^{23} \\
\mathbf{K}^{31} & \mathbf{K}^{32} & \mathbf{K}^{33} \\
\end{bmatrix}\begin{Bmatrix}
\mathbf{u} \\
\overline{\mathbf{w}} \\
\mathbf{s} \\
\end{Bmatrix} = \begin{Bmatrix}
\mathbf{F}^{1} \\
\mathbf{F}^{2} \\
\mathbf{F}^{3} \\
\end{Bmatrix}$$where$$K_{\mathit{ij}}^{11} = \int_{x_{a}}^{x_{b}}A_{\mathit{xx}}\frac{d\psi_{i}^{(1)}}{\mathit{dx}}\frac{d\psi_{j}^{(1)}}{\mathit{dx}}\mspace{2mu}\mathit{dx},\quad K_{\mathit{ij}}^{12} = 0,\quad K_{\mathit{ij}}^{13} = \int_{x_{a}}^{x_{b}}B_{\mathit{xx}}\frac{d\psi_{i}^{(1)}}{\mathit{dx}}\frac{d\psi_{j}^{(3)}}{\mathit{dx}}\mathit{dx}\quad K_{\mathit{ij}}^{21} = 0,F_{i}^{1} = \int_{x_{a}}^{x_{b}}f\mspace{2mu}\psi_{i}^{(1)}\mspace{2mu}\mathit{dx} + \psi_{i}^{(1)}\left( x_{a} \right)Q_{1} + \psi_{i}^{(1)}\left( x_{b} \right)Q_{4}\quad K_{\mathit{ij}}^{22} = \int_{x_{a}}^{x_{b}}\left( {S_{\mathit{xz}}\frac{d\psi_{i}^{(2)}}{\mathit{dx}}\frac{d\psi_{j}^{(2)}}{\mathit{dx}} + c_{f}\psi_{i}^{(2)}\psi_{j}^{(2)}} \right)\mathit{dx},\quad K_{\mathit{ij}}^{23} = \int_{x_{a}}^{x_{b}}S_{\mathit{xz}}\frac{d\psi^{(2)}}{\mathit{dx}}\psi_{j}^{(3)}\mathit{dx}\quad F_{i}^{2} = \int_{x_{a}}^{x_{b}}q\psi_{i}^{(2)}\mspace{2mu}\mathit{dx} + \psi_{i}^{(2)}\left( x_{a} \right)Q_{2} + \psi_{i}^{(2)}\left( x_{b} \right)Q_{5}\quad K_{\mathit{ij}}^{31} = \int_{x_{a}}^{x_{b}}B_{\mathit{xx}}\frac{d\psi_{i}^{(3)}}{\mathit{dx}}\frac{d\psi_{j}^{(1)}}{\mathit{dx}}\mathit{dx},\quad K_{\mathit{ij}}^{32} = \int_{x_{a}}^{x_{b}}S_{\mathit{xz}}\psi_{i}^{(3)}\frac{d\psi_{j}^{(2)}}{\mathit{dx}}\mathit{dx}\quad K_{\mathit{ij}}^{33} = \int_{x_{a}}^{x_{b}}\left( {S_{\mathit{xz}}\psi_{i}^{(3)}\psi_{j}^{(3)} + D_{\mathit{xx}}\frac{d\psi_{i}^{(3)}}{\mathit{dx}}\frac{d\psi_{j}^{(3)}}{\mathit{dx}}} \right)\mathit{dx}\quad F_{i}^{3} = \psi_{i}^{(3)}\left( x_{a} \right)Q_{3} + \psi_{i}^{(3)}\left( x_{b} \right)Q_{6}$$

The *mixed finite element mode* of the TBT has the same form as the mixed finite element model of the EBT, Eq. [(A3](#e0210){ref-type="disp-formula"}), and the coefficients $K_{\mathit{ij}}^{\alpha\beta}$ and $F_{i}^{\alpha}$ ($\alpha,\beta = 1,2,3$) also remain the same as those in Eq. [(A4)](#e0540){ref-type="disp-formula"}, except for the following coefficient:$$K_{\mathit{ij}}^{33} = - \int_{x_{a}}^{x_{b}}\left( {\frac{1}{D_{\mathit{xx}}}\psi_{i}^{(3)}\psi_{j}^{(3)} + \frac{1}{S_{\mathit{xz}}}\frac{d\psi_{i}^{(3)}}{\mathit{dx}}\frac{d\psi_{j}^{(3)}}{\mathit{dx}}} \right)\mathit{dx}$$

A.2. Appendix B: Discrete equations for various expressions {#s0130}
-----------------------------------------------------------

For the linear finite element approximation of all dependent variables in Eqs. [(26)](#e0080){ref-type="disp-formula"}, [(27)](#e0085){ref-type="disp-formula"}, we can calculate integrals over a finite domain and values at the finite domain interfaces. The following formulas are used in the development of the DMFDM discretized equations, where the coefficients *a* and *c* are assumed to be element-wise constants:$$\int_{x_{a}^{(I)}}^{x_{b}^{(I)}}c\mspace{2mu} u\mspace{2mu}\mathit{dx} = \frac{1}{8}\left\lbrack {C_{I - 1}h_{I - 1}U_{I - 1} + 3\left( {C_{I - 1}h_{I - 1} + C_{I}h_{I}} \right)U_{I} + C_{I}h_{I}U_{I + 1}} \right\rbrack$$ $$\begin{aligned}
 & {\int_{0}^{0.5h_{1}}a\mspace{2mu} u\left( x \right)\mspace{2mu}\mathit{dx} = \frac{1}{8}A_{1}h_{1}\left( {U_{2} + 3U_{1}} \right)} \\
 & {\int_{x_{b}^{(N)} - 0.5h_{N}}^{x_{b}^{(N)}}a\mspace{2mu} u\left( x \right)\mspace{2mu}\mathit{dx} = \frac{1}{8}A_{N}h_{N}\left( {3U_{N + 1} + U_{N}} \right)} \\
\end{aligned}$$ $$\int_{x_{a}^{(I)}}^{x_{b}^{(I)}}a\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}}\mspace{2mu}\mathit{dx} = 0.5\left\lbrack {- A_{I - 1}U_{I - 1} + \left( {A_{I - 1} - A_{I}} \right)U_{I} + A_{I}U_{I + 1}} \right\rbrack$$ $$\int_{0}^{0.5h_{1}}a\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}}\mspace{2mu}\mathit{dx} = 0.5\mspace{2mu} A_{1}\left( {U_{2} - U_{1}} \right)$$ $$\int_{x_{b}^{(N)} - 0.5h_{N}}^{x_{b}^{(N)}}a\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}}\mspace{2mu}\mathit{dx} = 0.5\mspace{2mu} A_{N}\left( {U_{N + 1} - U_{N}} \right)$$ $$\left\lbrack {a\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}}} \right\rbrack_{x_{a}^{(I)}}^{x_{b}^{(I)}} = \frac{A_{I - 1}}{h_{I - 1}}\mspace{2mu} U_{I - 1} - \left( {\frac{A_{I - 1}}{h_{I - 1}} + \frac{A_{I}}{h_{I}}} \right)U_{I} + \frac{A_{I}}{h_{I}}\mspace{2mu} U_{I + 1}$$ $$\left\lbrack {a\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}}} \right\rbrack_{0} = \frac{A_{1}}{h_{1}}\mspace{2mu} U_{2} - \frac{A_{1}}{h_{1}}\mspace{2mu} U_{1},\mspace{6mu}\mspace{6mu}\left\lbrack {a\mspace{2mu}\frac{\mathit{du}}{\mathit{dx}}} \right\rbrack_{x_{b}^{(I)} + 0.5h_{N}} = \frac{A_{N}}{h_{N}}\mspace{2mu} U_{N + 1} - \frac{A_{N}}{h_{N}}\mspace{2mu} U_{N}$$ $$\left\lbrack {a\mspace{2mu} u\left( x \right)} \right\rbrack_{x_{a}^{(I)}}^{x_{b}^{(I)}} = 0.5\left\lbrack {- A_{I - 1}U_{I - 1} + \left( {A_{I - 1} - A_{I}} \right)U_{I} + A_{I}U_{I + 1}} \right\rbrack$$ $$\left\lbrack {a\mspace{2mu} u\left( x \right)} \right\rbrack_{0}^{0.5h_{1}} = 0.5\mspace{2mu} A_{1}\left( {U_{2} - U_{1}} \right),\quad\left\lbrack {a\mspace{2mu} u\left( x \right)} \right\rbrack_{0.5h_{1}} = 0.5\mspace{2mu} A_{1}\left( {U_{1} + U_{2}} \right)$$ $$\left\lbrack {a\mspace{2mu} u\left( x \right)} \right\rbrack_{x_{b}^{(I)} - 0.5h_{N}}^{x_{b}^{(N)}} = 0.5\mspace{2mu} A_{N}\left( {U_{N + 1} - U_{N}} \right),\quad\left\lbrack {a\mspace{2mu} u\left( x \right)} \right\rbrack_{0.5h_{N}} = 0.5\mspace{2mu} A_{N}\left( {U_{N} + U_{N + 1}} \right)$$
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